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Abstract
The geometric phase for states of two spin-1/2 particles in rotating magnetic
field is calculated, in particular, the noncyclic and cyclic non-adiabatic phases
for the general case are explicitly derived and discussed. We find that the
cyclic geometric phase for the entangled state can always be written as a sum
of the phases of the two particles respectively; the same cannot be said for the
noncyclic phase. We also investigate the geometric phase of mixed state of one
particle in a biparticle system, and we find that the geometric phase for one
subsystem of an entangled system is always affected by another subsystem of
the entangled system.

PACS numbers: 03.65.Vf, 03.65.−w

1. Introduction

In a seminal paper by Berry [1] on the geometric phase in 1983, the adiabatic cyclic evolution
of a quantum system was considered. This discovery has prompted a myriad of activities
on various aspects of geometric phase in many areas of physics ranging from optical fibres
to anyons. Simon [2] was the first to recast the mathematical formalism of Berry phase
within the elegant language of differential geometry and fibre bundles. While it is possible
to consider Berry phase under adiabatic evolution, the extension to non-adiabatic evolution
is nontrivial and was formulated in general terms by Aharonov and Anandan [3]. Samuel
and Bhandari [4] generalized the idea further by extending it to noncyclic and non-unitary
evolution. Further generalizations and refinements on geometric phase by relaxing the
conditions of adiabaticity, unitarity and the cyclic nature of the evolution have since been
made [5–13].
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Quantum entanglement has been one of the most puzzling aspects of quantum theory
[14]. Recently entangled states have been found useful for quantum cryptography, quantum
teleportation and quantum computations. Moreover, it was found that one could in principle
devise a more robust fault-tolerant computer using the notion of geometric phase in designing
a CNOT gate. Since geometric phase depends solely on the geometry of the intrinsic spin
space, it is deemed to be less susceptible to noise from the environment.

In a recent paper [10], Sjöqvist calculated the geometric phase for a pair of entangled
spins in a time-independent uniform magnetic field. This is an interesting development
in holonomic quantum computer since the study of spin systems effectively allows us to
contemplate the design of a solid state quantum computer [15]. As a step towards realization
of this, we consider in this paper spin pairs in rotating magnetic field generalizing the
original formulation of time-independent uniform magnetic field. Two spin-1/2 particles
in a rotating magnetic field is a common physical system. Naturally, one should be able
to recover Sjöqvist’s result from our study by setting the rotating components of magnetic
field to zero. In addition, we find that the geometric phase of the total entangled biparticle
system can be decomposed into a sum of the individual geometric phases of the two particles
under the cyclic condition; the same cannot be said for the noncyclic phase. Furthermore,
the geometric phase of a particle is different from that as computed from the mixed state
of the same particle. This result indicates that the geometric phase for one subsystem of
an entangled system is always affected by another subsystem of the entangled system, even
though the magnetic field is applied only to the first subsystem while the later subsystem keeps
free.

2. Rotating magnetic field

Considering two spin-1/2 particles in a rotating magnetic field, the interaction Hamiltonian
for the system is

Ĥ (t) = Ĥ a(t) + Ĥ b(t) (1)

where Ĥµ(t) = ωµ(sin θ cos ωtSµx + sin θ sin ωtSµy + cos θSµz)(µ = a, b) and �Sµ is the spin
operator. The states |�(t)〉 of the system obey Schrödinger equation,

i
d

dt
|�(t)〉 = (Ĥ a(t) ⊗ I + I ⊗ Ĥ b(t))|�(t)〉 (2)

where I is a 2 × 2 unit matrix and |�(t)〉 is a 4 × 1 matrix. We write the general solution in
the following form,

|�(t)〉 = c1|φa(t)〉 ⊗ |φb(t)〉 + c2|φa(t)〉 ⊗ |ψb(t)〉
+ c3|ψa(t)〉 ⊗ |φb(t)〉 + c4|ψa(t)〉 ⊗ |ψb(t)〉 (3)

where

|φµ(t)〉 = Nµ

(
sin θ e−i ω

2 t

kµ ei ω
2 t

)
e−i

ω′
µ

2 t |ψµ(t)〉 = Nµ

(
kµ e−i ω

2 t

−sin θ ei ω
2 t

)
ei

ω′
µ

2 t

ω′
µ =

√
ω2 + ω2

µ − 2ωωµ cos θ, kµ = ω+ω′
µ

ωµ
− cos θ,Nµ = (

k2
µ + sin2 θ

)−1
2 and c1, c2, c3, c4

are arbitrary constants to be determined by initial conditions. Note that |φµ(t)〉 and |ψµ(t)〉
satisfy the Schrödinger equation for a single particle, and 〈φµ(t)|ψµ(t)〉 = 0.

For convenience we parametrize the initial state |�(0)〉 of the system by

|�(0)〉 = r1 eiα1 |↑〉a ⊗ |↑〉b + r2 eiα2 |↑〉a ⊗ |↓〉b + r3 eiα3 |↓〉a ⊗ |↑〉b + r4 eiα4 |↓〉a ⊗ |↓〉b (4)
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where rj , αj (j = 1, 2, 3, 4) are real constants, |↑〉 =
(

1
0

)
, |↓〉 =

(
0
1

)
, and the relation

between cj and rj eiαj is given by


c1

c2

c3

c4


 = N




sin2 θ kb sin θ ka sin θ kakb

kb sin θ −sin2 θ kakb −ka sin θ

ka sin θ kakb −sin2 θ −kb sin θ

kakb −ka sin θ −kb sin θ sin2 θ







r1 eiα1

r2 eiα2

r3 eiα3

r4 eiα4


 . (5)

Here N = NaNb = [(
k2

a + sin2 θ
)(

k2
b + sin2 θ

)] −1
2 . For normalized states |�(t)〉, we require

4∑
j=1

|cj |2 =
4∑

j=1
r2
j = 1.

Expressions (3),(4) and (5) solve Schrödinger equation (2). These solutions include both
entangled states and unentangled states depending on the values of cj or rj eiαj (j = 1, 2, 3, 4).
When c1c4 �= c2c3, or r1 eiα1 · r4 eiα4 �= r2 eiα2 · r3 eiα3 , the solutions are entangled states,
otherwise, they are unentangled states.

3. Geometric phase for a two-particle system

Geometric phase for a pure state can be obtained from the total phase by subtracting the
dynamical phase [5]. Let �G,�T and �D be the geometric phase, total phase and dynamical
phase respectively, then

�G = �T − �D (6)

where

�T = arg〈�(0) | �(t)〉 (7)

�D = −i
∫ t

0
dt 〈�(t)| d

dt
|�(t)〉. (8)

To obtain the total phase, we substitute expressions (3) and (5) into (7) and after some
lengthy calculations we get

〈�(0)|�(t)〉 = cos
ω′

a

2
t cos

ω′
b

2
t

{
i

[
K1 + K2 tan

ω′
a

2
t + K3 tan

ω′
b

2
t + K4 tan

ω′
a

2
t tan

ω′
b

2
t

]

+

[
K5 + K6 tan

ω′
a

2
t + K7 tan

ω′
b

2
t + K8 tan

ω′
a

2
t tan

ω′
b

2
t

]}
(9)

and

�T = arctan
K1 + K2 tan ω′

a

2 t + K3 tan ω′
b

2 t + K4 tan ω′
a

2 t tan ω′
b

2 t

K5 + K6 tan ω′
a

2 t + K7 tan ω′
b

2 t + K8 tan ω′
a

2 t tan ω′
b

2 t
. (10)

Here

K1 = r
c,−
11,44 sin ωt

K2 = 1

ω′
a

{
r

s,+
31,42ωa sin θ sin ωt +

[
r

c,−
11,44(ω − ωa cos θ) − r

c,+
31,42ωa sin θ

]
cos ωt

+
[
r

c,−
22,33(ω − ωa cos θ) − r

c,+
31,42ωa sin θ

]}
K3 = 1

ω′
b

{
r

s,+
21,43ωb sin θ sin ωt +

[
r

c,−
11,44(ω − ωb cos θ) − r

c,+
21,43ωb sin θ

]
cos ωt

+
[
r

c,−
33,22(ω − ωb cos θ) − r

c,+
21,43ωb sin θ

]}
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K4 = 1

ω′
aω

′
b

{[
r

c,−
44,11(ω − ωa cos θ)(ω − ωb cos θ)

+ r
c,+
21,43(ω − ωa cos θ)ωb sin θ + r

c,+
31,42ωa sin θ(ω − ωb cos θ)

]
sin ωt

+
[
r

s,+
21,43(ω − ωa cos θ)ωb sin θ + r

s,+
31,42ωa sin θ(ω − ωb cos θ)

]
(cos ωt − 1)

}
K5 = r

c,+
11,44 cos ωt + r

c,+
22,33

K6 = 1

ω′
a

{[−r
c,+
11,44(ω − ωa cos θ) + r

c,−
31,42ωa sin θ

]
sin ωt + r

s,−
31,42ωa sin θ(cos ωt − 1)

}
K7 = 1

ω′
b

{[−r
c,+
11,44(ω − ωb cos θ) + r

c,−
21,43ωb sin θ

]
sin ωt + r

s,−
21,43ωb sin θ(cos ωt − 1)

}
K8 = 1

ω′
aω

′
b

{[
r

s,−
43,21(ω − ωa cos θ)ωb sin θ

+ r
s,−
42,31ωa sin θ(ω − ωb cos θ) + r

s,+
41,41ωaωb sin2 θ

]
sin ωt

+
[−r

c,+
11,44(ω − ωa cos θ)(ω − ωb cos θ) + r

c,−
21,43(ω − ωa cos θ)ωb sin θ

+ r
c,−
31,42ωa sin θ(ω − ωb cos θ) − r

c,+
41,41ωaωb sin2 θ

]
cos ωt

+
[
r

c,+
22,33(ω − ωa cos θ)(ω − ωb cos θ) + r

c,−
21,43(ω − ωa cos θ)ωb sin θ

+ r
c,−
31,42ωa sin θ(ω − ωb cos θ) − r

c,+
32,32ωaωb sin2 θ

]}
(11)

where r
s,±
ij,kl = rirj sin αij ± rkrl sin αkl, r

c,±
ij,kl = rirj cos αij ± rkrl cos αkl, αij = αi − αj .

Substituting (3) and (5) into (8), we obtain the dynamical phase �D as

�D = ωa(ω cos θ − ωa)

2ω′2
a

[(
1 − 2r

c,+
11,22

)
(ω − ωa cos θ) + 2r

c,+
31,42ωa sin θ

]
t

+
ωb(ω cos θ − ωb)

2ω′2
b

[(
1 − 2r

c,+
11,33

)
(ω − ωb cos θ) + 2r

c,+
21,43ωb sin θ

]
t

+
ωωa sin θ

4ω′3
a

[(
1 − 2r

c,+
11,22

)
ωa sin θ − 2r

c,+
31,42(ω − ωa cos θ)

]
sin ω′

at

+
ωωb sin θ

4ω′3
b

[(
1 − 2r

c,+
11,33

)
ωb sin θ − 2r

c,+
21,43(ω − ωb cos θ)

]
sin ω′

bt

+
ωωa sin θ

2ω′2
a

r
s,+
31,42(cos ω′

at − 1) +
ωωb sin θ

2ω′2
b

r
s,+
21,43(cos ω′

bt − 1) (12)

where the normalization
4∑

j=1
r2
j = 1 has been used.

From the total phase equation (10) and the dynamical phase (12), the geometric phase is
readily given by equation (6). It is the general result for two spin-1/2 particles in a rotating
magnetic field.

4. Remarks

Despite the complexity in the expression for the geometric phase in its full generality, we
can extract some interesting results. From equation (12), we find that the dynamic phase can
always be separated into two parts corresponding to the phases of the two separate particles.
However, the total phase as well as the geometric phase cannot be separated into two parts
except under some special cases. The latter observation arises primarily from the entanglement
of the two particles. If we allow ωb = 0, so that only one of the two particles is affected by the
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rotating magnetic field, we see that the geometric phase is generally different from the phase
of the single particle’s system. Thus, entanglement essentially affects the geometric phase of
a system. In the following, we use the general formulae (6), (10), (12) to discuss some special
cases.

4.1. Recovering Sjöqvist’s result

If we let sin θ = 0, the rotating magnetic field in the xy plane vanishes and only the component
in direction z remains. The result of spin pairs in time-independent magnetic field then
follows. In this case, we have K1 = K4 = K6 = K7 = 0,K2 = −(

1 − 2r2
1 − 2r2

2

)
,K3 =

−(
1 − 2r2

1 − 2r2
3

)
,K5 = 1,K8 = 1 − 2r2

1 − 2r2
4 giving

�T = −arctan

(
1 − 2r2

1 − 2r2
2

)
tan ωat

2 +
(
1 − 2r2

1 − 2r2
3

)
tan ωbt

2

1 +
(
1 − 2r2

1 − 2r2
4

)
tan ωat

2 tan ωbt

2

(13)

�D = −
[(

1 − 2r2
1 − 2r2

2

)ωat

2
+

(
1 − 2r2

1 − 2r2
3

)ωbt

2

]
(14)

and

�G = −
[

arctan

(
1 − 2r2

1 − 2r2
2

)
tan ωat

2 +
(
1 − 2r2

1 − 2r2
3

)
tan ωbt

2

1 +
(
1 − 2r2

1 − 2r2
4

)
tan ωat

2 tan ωbt

2

]

+

[(
1 − 2r2

1 − 2r2
2

)ωat

2
+

(
1 − 2r2

1 − 2r2
3

)ωbt

2

]
. (15)

Clearly, equation (15) recovers Sjöqvist’s result [10]. (Note that our notation differs from
Sjöqvist’s paper.) One can see this by letting the initial state |�(0)〉 in equation (4) be
e−iβ/2 cos α

2 |n(0)〉a|m(0)〉b + eiβ/2 sin α
2 |−n(0)〉a| − m(0)〉b (see [10]). A simple change in the

notation shows that �G is same as that of [10].

4.2. Geometric phases for some special states

Using equations (10), (12) and (6), we can calculate the phase for any initial condition. As an
example, we can consider unentangled states and entangled states.

For an unentangled state,

|�(0)〉 =
(

1
0

)
a

⊗
(

0
1

)
b

(16)

which is obtained by setting r1 = r3 = r4 = 0, r2 = 1, αi = 0 (i = 1, 2, 3, 4). A direct
substitution leads to

�T = arctan

ω−ωa cos θ

ω′
a

tan ω′
a

2 t − ω−ωb cos θ

ω′
b

tan ω′
b

2 t

1 + (ω−ωa cos θ)(ω−ωb cos θ)

ω′
aω

′
b

tan ω′
a

2 t tan ω′
b

2 t
(17)

and

�D =
[
−ωa(ω cos θ − ωa)(ω − ωa cos θ)

2ω′2
a

+
ωb(ω cos θ − ωb)(ω − ωb cos θ)

2ω′2
b

]
ωt

− ωω2
a sin2 θ

4ω′3
a

sin ω′
at +

ωω2
b sin2 θ

4ω′3
b

sin ω′
bt. (18)
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It is obvious that in this case �G = �T − �D can be written as (�G)a + (�G)b. Indeed,
the geometric phase of the unentangled state can always be neatly separated into two parts
corresponding to the geometric phase for each particle.

For an entangled state, we consider the case in which the initial state is given by a Bell
state,

|�(0)〉 = 1√
2

[|↑〉a ⊗ |↓〉b ± |↓〉a ⊗ |↑〉b]. (19)

In this case, r1 = r4 = 0, r2 = 1√
2
, r3 = ± 1√

2
, αi = 0 (i = 1, 2, 3, 4), we have �D = 0 and

〈�(0)|�(t)〉 = cos
ω′

a

2
t cos

ω′
b

2
t

+
(ω − ωa cos θ)(ω − ωb cos θ) ∓ ωaωb sin2 θ

ω′
aω

′
b

sin
ω′

a

2
t sin

ω′
b

2
t . (20)

It follows from the above result that the geometric phase is

�G = �T =



0 if 〈�(0) | �(t)〉 > 0
undefined if 〈�(0) | �(t)〉 = 0

π if 〈�(0) | �(t)〉 < 0.

(21)

Similar results hold for the other two Bell states |�(0)〉 = 1√
2
[|↑〉a ⊗|↓〉b ±|↓〉a ⊗|↑〉b]. The

phases of these states are consistent with the result of the time-independent field [10].

4.3. Geometric phase for cyclic evolution

Suppose the magnetic field is cyclic, Ĥ (τ ) = Ĥ (0), τ = 2π
ω

, we see that the cyclic condition
is realized by

|�(τ)〉 = eiα(τ)|�(0)〉 (22)

where α(τ) is real. For arbitrary ω,ωa, ωb, there are only four unentangled states satisfying
the cyclic condition. Setting t = 2π

ω
, we can use the formulae (10) and (12) to calculate the

cyclic phases of the four states. Specifically, one of the four states is

|�(t)〉 = |φa(t)〉 ⊗ |φb(t)〉 (23)

which means r1 eiα1 = sin2 θ, r2 eiα2 = kb sin θ, r3 eiα3 = ka sin θ, r4 eiα4 = kakb, so that

�T = −
(

ω′
a

ω
+

ω′
b

ω

)
π (24)

�D =
(

ω − ωa cos θ

ω′
a

+
ω − ωb cos θ

ω′
b

)
π −

(
ω′

a

ω
+

ω′
b

ω

)
π (25)

and the geometric phase is

�G = �T − �D = −
(

ω − ωa cos θ

ω′
a

+
ω − ωb cos θ

ω′
b

)
π. (26)

A similar analysis holds for the other three solutions:

|�(t)〉 = |φa(t)〉 ⊗ |ψb(t)〉, |ψa(t)〉 ⊗ |φb(t)〉, |ψa(t)〉 ⊗ |ψb(t)〉 (27)

and their geometric phases �G are, respectively,(
−ω − ωa cos θ

ω′
a

+
ω − ωb cos θ

ω′
b

)
π

(
ω − ωa cos θ

ω′
a

− ω − ωb cos θ

ω′
b

)
π(

ω − ωa cos θ

ω′
a

+
ω − ωb cos θ

ω′
b

)
π. (28)
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In this case, the cyclic geometric phase of the two-particle system is just equal to �a

2 + �b

2 ,
where �a and �b correspond, respectively, to half of solid angles enclosed by Bloch vectors
ra, rb, of the single-particle states.

Now, let us consider the cyclic phase of entangled states. From equation (3), we see
that the cyclic condition imposes strong requirements for entangled states in general and
there are no solutions unless the oscillating magnetic field is suitably set. In particular, if
ω′

a = naω,ω′
b = nbω, where na and nb are positive integers, then all the entangled states

possess cyclic phases. When t = τ = 2π
ω

, the magnetic field returns to its initial value and the
state is

|�(τ)〉 = eiα(τ)|�(0)〉 (29)

where α(τ) = (
1 − ω′

a

ω

)
π +

(
1 − ω′

b

ω

)
π (mod 2π) is the total phase. The dynamic phase is

given by

�D =
{

ωa(cos θ − ωa/ω)

ω′2
a

[(
1 − 2r

c,+
11,22

)
(ω − ωa cos θ) + 2r

c,+
31,42ωa sin θ

]
+

ωb(cos θ − ωb/ω)

ω′2
b

[(
1 − 2r

c,+
11,33

)
(ω − ωb cos θ) + 2r

c,+
21,43ωb sin θ

]}
π (30)

while the geometric phase can be written as

�G = �T − �D = (�G)a + (�G)b (31)

where

(�G)a =
(

1 − ω′
a

ω

)
π − ωa(cos θ −ωa/ω)

ω′2
a

[(
1 − 2r

c,+
11,22

)
(ω − ωa cos θ) + 2r

c,+
31,42ωa sin θ

]
π

(32)

and

(�G)b =
(

1 − ω′
b

ω

)
π − ωb(cos θ − ωb/ω)

ω′2
b

[(
1 − 2r

c,+
11,33

)
(ω − ωb cos θ) + 2r

c,+
21,43ωb sin θ

]
π.

(33)

Note that (�G)a and (�G)b are the geometric phases corresponding to the particle a and
particle b, respectively. Equation (31) shows that the cyclic geometric phases of the two-
particle system can always be regarded as two separable parts corresponding to the phases of
two single particles despite the fact that the particles are entangled.

The conclusion holds for all other cyclic states. It is also valid even for the general cyclic
states, which satisfy |�(τ)〉 = eiα(τ)|�(0)〉 (τ is any positive constant), irrespective of whether
Ĥ (τ ) = Ĥ (0) holds or not. To prove this, one may directly solve |�(τ)〉 = eiα(τ)|�(0)〉 with
equation (3), which is just equivalent to a set of homogeneous equations for c1, c2, c3, c4. For
a nontrivial solution, the coefficient determinant should be zero, from which one may get α(τ)

and find

α(τ) = αa(τ ) + αb(τ ) (34)

where αµ(τ) = arg
(
xµ ± i

√
1 − x2

µ

)
(µ = a, b) and,

xµ = cos
ωτ

2
cos

ω′
µτ

2
+

ω − ωµ cos θ√
ω2 + ω2

µ − 2ωωµ cos θ
sin

ωτ

2
sin

ω′
µτ

2
.

Equation (34) shows that the cyclic total phase can be written as a sum of the phases of the
two particles respectively; so does the cyclic geometric phase (because the dynamic phase can
always be divided into two parts under consideration).
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4.4. Geometric phase of mixed state

The above result concerning the cyclic phase of entangled states may provide some insight
regarding the geometric phase of mixed states. Certainly, the two-particle state given by
equation (3) is a pure state with density matrix ρab(t) = |�(t)〉〈�(t)|. However, if we trace
out states of the second particle, we will get the reduced density matrix ρa , corresponding
to mixed states of particle a. From the reduced density matrix, we can deduce the geometric
phase of a mixed state, (�G)Ma . It is interesting to see whether (�G)a is equal to (�G)Ma .

Using equation (3) and tracing out the states of particle b, we obtain the reduced density
matrix for particle a as

ρa(t) = trb(|�〉〈�|) = c+
11,22|φa(t)〉〈φa(t)| + c+

33,44|ψa(t)〉〈ψa(t)|
+ c+

13,24|φa(t)〉〈ψa(t)| + c+
31,42|ψa(t)〉〈φa(t)| (35)

where c±
ij,kl = cic

∗
j ± ckc

∗
l . In order to calculate the geometric phase of ρa(t), we rewrite it in

the following form,

ρa(t) = ω+|α+(t)〉〈α+(t)| + ω−|α−(t)〉〈α−(t)| (36)

where

|α±(t)〉 = 1√(
ω± − c+

11,22

)2
+

∣∣c+
13,24

∣∣2

[
c+

13,24 | φa(t)〉 +
(
ω± − c+

11,22

)|ψa(t)〉
]

and

ω± = 1 ±
√

1 − 4|c1c4 − c2c3|2
2

.

Note that |α+(t)〉 and |α−(t)〉 are two orthonormal pure states. With the above decomposing
and using the method given by [8], we arrive at the geometric phase for mixed state ρa(t),

(�G)Ma = arctan(r tan �) (37)

where

� =
(

1 − ω′
a

ω

)
π − ωa(cos θ − ωa/ω)

rω′
a

(
c+

11,22 − c+
33,44

)
π

=
(

1 − ω′
a

ω

)
π − ωa(cos θ − ωa/ω)

rω′2
a

[(
1 − 2r

c,+
11,22

)
(ω − ωa cos θ)

+ 2r
c,+
31,42ωa sin θ

]
π (38)

and r =
√

1 − 4|c1c4 − c2c3|2.
By comparing equation (37) with (32), we find that the two geometric phases computed for

the particle a are different, i.e. (�G)Ma �= (�G)a. Only at r = 1, when |�(t)〉 is an unentangled
state, the two phases are the same. This conclusion holds even in the case Ĥ b(t) = 0. We
may suppose that two particles (a, b) are initially entangled together, magnetic field is applied
only to particle a while particle b is not affected by the magnetic field. The above discussion
shows that (�G)Ma is still different from (�G)a . The result then illustrates that the geometric
phase for one subsystem of an entangled system is always affected by other subsystem of the
entangled system even though the other subsystem is free.
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